This paper presents the development and verification of a high fidelity, nonlinear simulation of a high performance aircraft. The exact aircraft modeled is the Northrop F-5A Freedom Fighter. The motivation behind the development of this simulation is to validate controller performance for various nonlinear control approaches. However, this simulation is extensible to many other applications such as handling qualities and human factors research. It can also be integrated into a real-time flight simulator environment or used to test other controllers. The simulation can also be extended to model aircraft other than the F-5A.
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I. Introduction

A. Motivation
Unmanned aerial vehicles (UAVs) used in research pose a challenge for traditional control techniques due to the many parameters and presence of fast and slow dynamics. Extensive modeling is required for each flight condition and maneuver, and the results of these simulations are only valid in a narrow range of uncertainty or for small disturbances. 1 These problems are prevalent in morphing-wing aircraft, but can be simplified by considering fixed-wing aircraft only.
Nonlinear control laws were developed to allow for flexibility in UAV flights using two different approaches.
2, 3 The theory behind these two approaches is out of the scope of this paper; however, both approaches use Singular Perturbation Theory to control multiple vehicle states based on a desired or commanded state, and can help with departure resistance. For example, if a certain flight altitude is desired, other variables such as velocity and angle of attack must be continuously changing due to the dynamic environment. The values of these other variables are computed in real time in order to ensure that altitude is maintained. This information can be used to change the flight trajectory accordingly. Without this information the flight control commands chosen may create an undesirable effect such as large changes in velocity or angle of attack, which could have severe consequences.
Both approaches achieve similar results; however, Approach I makes an approximate computation of the variables, whereas Approach II is more accurate. The accuracy provided by the second approach makes it less robust than the first. With these controllers, a UAV will not require testing and modeling of every possible flight condition, as has been shown in previous techniques.
1 Rigorous control mathematical analysis concludes that the controller will be able to adapt to the changing flight conditions.
B. Objectives
The central goal of this project is to develop a high fidelity aircraft simulation in MATLAB that models the Northrop F-5A Freedom Fighter in order to verify the performance and operating characteristics of these control laws. In addition, with a few modifications the simulation can be used for other purposes including: modeling different aircraft, verifying different types of controllers, handling qualities research, human factors research, and even integration into real-time flight simulator environments.
At this point, the open-loop simulation has been completed; the two controllers have yet to be integrated into the simulation. This paper outlines the different components of the nonlinear simulation including pertinent aircraft physical data, the structure of the simulation, the various assumptions used to derive the equations of motion, and the trim states used to verify the accuracy of the simulation. The aerodynamic and atmospheric models used in the simulation are also discussed. Finally, future work is discussed, including the implementation of the controllers into the simulation and beyond.
II. F-5A Simulation
The Northrop F-5A Freedom Fighter is a single-seat, modestly supersonic, light fighter aircraft incorporating a delta-shaped wing planform with leading edge sweep of 32
• . 4 The wing includes leading edge flaps that provide increased lift. The wing also contains a leading edge extension at the wing root, which increases the maximum angle of attack in addition to increasing maximum lift coefficient by 15%. The aircraft design is heavily based on the Northrop T-38 Talon and was kept simple in order to satisfy export requirements under the Foreign Military Sales Program and the Military Assistance Program. Two General Electric J85-GE-13 afterburning turbojet engines, mounted at the rear of the fuselage, provide thrust for the aircraft.
5 Figure 1 shows a four-view of the F-5A.
6 Figure 1 . Four-view of the F-5A. Table 1 presents crucial mass properties of the F-5A. Weight is used to calculate mass m, and gravitational forces. The moments of inertia I XX , I Y Y , and I ZZ , and products of inertia I XY , I XZ and I Y Z , are used in deriving the rotational equations of motion. Wing reference area S, wingspan b, and mean aerodynamic chordc, are other useful aerodynamic parameters used in the analysis. The first supporting function, eqOfMotion.m, contains the twelve equations of motion and returns the state visualization history. These equations are derived using the assumptions discussed later in the paper. The aerodynamic coefficients for the equations of motion are found in aeroCoeff.m and are expressed in body axes. Each aerodynamic coefficient is found through linear or bilinear interpolation of tabulated wind tunnel data (found in aeroData.m), using current state and control surface values.
The direction-cosine matrix (DCM), which is shown in Eq. (1), is contained in DCM.m. This function contains the matrix that relates vectors in the body frame to the inertial, earth-fixed frame. The Earth Standard Atmosphere Model is modeled in atmos.m. This function provides free stream air density, pressure, temperature, and speed of sound at varying altitudes.
B. Deriving the Equations of Motion
Assumptions
The F-5A model is treated as a rigid body of constant mass. All internal forces are assumed to be in equilibrium; therefore, aeroelasticity effects and fuel slosh are ignored. As can be shown by the products of inertia in Table 1 , the F-5A is symmetric about the XZ plane. The Flat Earth model is used, Earth is treated as inertially fixed in space, and the gravitational field is uniform and constant with altitude. Due to the atmosphere model, aircraft flight is limited to 75,000 ft but is nominally flown at much lower altitudes.
Aerodynamic forces, propulsive forces, and gravity are the source of the forces and moments acting on the aircraft. However, propulsive forces act only through the longitudinal axis and do not induce any moments. Gyroscopic effects due to the rotating turbojet are ignored. Airplane body frame follows the usual convention of North, East, Down (NED).
Orientation
In order to describe the motion of the aircraft in terms of the inertial frame N , where Newton's laws of motion are valid, a relationship must be found between the aircraft body frame B, and the inertial frame. The inertial reference frame can be rotated to coincide with the body frame using three rotation, or Euler, angles. First, the inertial frame is rotated about then 3 axis. This angle of rotation is defined as yaw ψ. This new reference frame is denoted by A. A rotation about theâ 2 axis, or pitch θ, follows and this reference frame is C. Finally, a rotation about theĉ 1 axis, or roll φ, occurs. After rotating the inertial frame in this order, it will coincide with the body frame B. These Euler rotations are shown in Fig. 2 . The DCM can be computed by multiplying the individual rotation matrices.
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The DCM describes the body frame in terms of the inertial frame and is shown in Eq. (1). Since this is an orthogonal matrix, the transpose of the DCM is also its inverse. Therefore, in order to represent the inertial frame in terms of the body frame, the rotation matrix is simply transposed.
Equations of Motion
In order to derive the equations of motion, the body velocity vector V B , and angular velocity vector ω, must be defined.
(2)
The translational equations of motion in the body frame are:
whereq ∞ is dynamic pressure and S is wing reference area. C X , C Y , and C Z are the aerodynamic coefficients in theb 1 ,b 2 , andb 3 directions, respectively. These equations are also referred to as the Drag Equation, Side Force Equation, and Lift Equation, respectively.
The rotational equations of motion in the body frame are:
where b is wingspan andc is mean aerodynamic chord. C l , C m , and C n are the rolling moment, pitching moment, and yawing moment coefficients, respectively. These equations are also referred to as the Rolling Moment Equation, Pitching Moment Equation, and Yawing Moment Equation, respectively.
The angular velocity components can be expressed using the rotational kinematic equations, which relate Euler angular rates to body-axis angular rates:
Equations (10)- (12) describe the time rate of change of the aircraft attitude. These calculations are necessary in order to solve the translational equations of motion.
In order to describe the location of the aircraft in the inertial frame, the transpose of Eq. (1) is needed. The inertial velocity vector V N , must also be defined:
Using these two relationships, the inertial velocities are found in terms of the body velocities:
Equations (4)- (12) and (14) are the twelve nonlinear equations of motion for the simulation. These equation are heavily coupled, nonlinear, ordinary differential equations which are extremely difficult to solve analytically. Instead, these equations are integrated and solved using ode45.m in MATLAB in order to describe the position and orientation of the aircraft throughout time.
Aerodynamic Model
The aerodynamic model provides the 6 aerodynamic force and moment coefficients in the body-axis frame. Each coefficient is calculated through the addition of individual components, which are interpolated based on angle of attack α, sideslip angle β, aircraft angular velocities (p, q, r), elevator deflection angle δ e , aileron deflection angle δ a , and rudder deflection angle δ r . All moment coefficients are calculated about the center of gravity, therefore offset corrections are not necessary. 
increments). Linear and bilinear interpolation is necessary in order to estimate the coefficients at intermediate angles from those mentioned.
In this simulation positive elevator deflection corresponds to trailing edge down, whereas negative elevator deflection corresponds to trailing edge up. The longitudinal coefficients are given by:
where C X and C Z are the aerodynamic force coefficients in the X and Z directions, respectively, and C m is the pitching moment coefficient. The longitudinal aerodynamic coefficients are all dependent on angle of attack, elevator deflection angle, and pitch-rate effects. The lateral-directional coefficients are given by:
where C Y is the aerodynamic force coefficient in the Y direction, and C l and C n are the rolling moment and yawing moment coefficients, respectively. The lateral-directional coefficients are all dependent on angle of attack, sideslip angle, rudder deflection angle, aileron deflection angle, roll-rate effects, and yaw-rate effects. Equations (15)-(20) are the non-dimensional aerodynamic coefficients used to solve the translational and rotational equations of motion.
Atmospheric Model
The Earth Standard Atmosphere Model is used to calculate free stream air density ρ ∞ , pressure p ∞ , temperature T ∞ , and speed of sound a ∞ , at varying altitudes h. The model uses polynomials of varying degree to compute each property. The coefficients for each polynomial function are shown in Table 2 . The coefficients are rounded here for clarity. ---
The coefficients from Table 2 are used in Eqs. (21), (22), (23), and (24) to calculate density in slug/ft 3 , pressure in lb/ft 2 , temperature in K, and speed of sound in ft/s, respectively.
This model is valid from sea level to 75,000 ft; however, Eqs. (23) and (24) are only used throughout the gradient regions of the standard atmosphere. Above 36,200 ft the constant-temperature, or isothermal, region exists. Speed of sound is dependent on temperature, therefore is also constant. In order to save computing time, temperature is automatically set to 216.65 K (389.97 o R) and speed of sound is set to 968.08 ft/s while in this region. Temperature is converted to English units after calculation from Eq. (23).
The atmospheric model is implemented to compute important quantities such dynamic pressureq ∞ . Dynamic pressure is also dependent on free stream velocity V ∞ . Dynamic pressure is defined as follows:
Dynamic pressure is a critical quantity, as it is used to convert the non-dimensional aerodynamic coefficients to forces and moments in Eqs. (4)-(9).
III. Results
In order to verify the accuracy of the simulation, various trim conditions were tested. An aircraft is considered to be in trimmed, or equilibrium, flight when its translational velocity is constant and there is no rotation about the center of gravity. This means that the time derivatives in Eqs. (4)- (12) and (14) are all zero. A simple trim condition to verify is straight and level flight. The initial conditions for trim flight were known beforehand from a trim map. One of the test cases is discussed below, and its initial conditions are shown in Table 3 . Since the simulation is still open-loop, trim was tested by declaring all the trim conditions from Table 3 as initial conditions, except for angle of attack. Angle of attack was initially perturbed to 4 o , slightly higher than the trim condition. Trim was confirmed by observing that the aircraft stabilized at the trim angle of attack (3.22 o ) and afterwards remained in straight and level flight without any further modifications to these variables. The following results show the aircraft motion over a 60 second interval. The angle of attack history is shown in Fig. 3 . The aircraft takes about 5 seconds to stabilize to its equilibrium angle of attack. Once this angle is reached, it remains constant throughout the flight. The inertial position of the aircraft is shown in Fig. 4 . For trim, straight and level flight the aircraft is expected to travel in the X direction (north) while maintaining the same Y (east) and Z (altitude) positions. Since velocity is constant, plot (a) shows that north position increases linearly, as expected. Plot (b) shows that east position is not remaining constant; however, the deviation from the initial conditions can be considered negligible. Plot (c) shows an initial drop in altitude of about 10 ft. This is expected because the airspeed is slightly low for the perturbed angle of attack. However, after 5 seconds (once angle of attack stabilizes), the altitude indeed remains constant. Finally, the aircraft angular velocities are shown in Fig. 7 . As stated before, there is no angular velocity during trim, straight and level flight. All three body rates are observed to oscillate about their equilibrium point and can be treated as negligible. The position and orientation of the aircraft as seen by an inertial observer are shown together in Fig. 8 . Each aircraft is depicted at five-second increments, but only approximately half of the flight is shown, for clarity. A generic jet aircraft body model was used when generating this trajectory. This plot provides further confirmation that the aircraft is in fact in trim, straight and level flight because the aircraft is seen to fly only in the X direction while maintaining its orientation. Various other initial trim conditions from the trim map were successfully tested, including different initial velocities and altitudes.
Figures 4-7 show that even after an initial perturbation in angle of attack, the aircraft stabilizes to trim, straight and level flight. The natural motions of most aircraft are oscillatory, 7 and these expectations were confirmed in multiple plots, particularly in Fig. 7 . The minimal errors shown in the plots are largely due to the accuracy of the simulation, which is more accurate than the wind tunnel data. However, these errors are often so small that they can be ignored.
IV. Conclusions
This paper detailed the development of a high fidelity nonlinear simulation of an aircraft using the MAT-LAB environment. The objective was to create a nonlinear six degree-of-freedom simulation that is both accurate and user friendly for handling qualities research, human factors research, validation and verification of controllers, and integration into a real-time flight simulator environment. The aircraft modeled was the Northrop F-5A Freedom Fighter. The paper detailed the physical aircraft properties and simulation structure, and assumptions used to derive the equations of motion were presented in addition to the aerodynamic and atmospheric models.
The main challenge in building the simulation was lack of prior engineering knowledge. In order to create an accurate aircraft simulation, many topics, such as State-Space Analysis and Linearization of Nonlinear Systems were independently studied beforehand. Multiple dynamical systems were also modeled in MATLAB for practice, such as a spring-mass-damper and a pendulum of variable length. All relevant equations and techniques including the Transport Theorem, Direction Cosine Matrices, and all aircraft equations of motion were derived by hand in order to fully understand the physics of flight and of the simulation.
In the open-loop configurations, the simulation was shown to be accurate and correct for previously known trim conditions for straight and level flight, even with an initial perturbation.
Future work will consist of improving the fidelity and extending the simulation to model different types of aircraft and incorporating and evaluating various control approaches for closed-loop analysis. The main changes that would be made are modifications in the physical properties and in the aerodynamic data from wind tunnel tests. Other functions that may be added include: landing gear effects, flap effects, and a trim function to calculate trim states for aircraft that do not already have trim maps.
This controller analysis will be conducted by comparing the closed-loop response to reference trajectories such as takeoff and auto-landing. The simulation is expected to provide necessary input and output parameters for the controller; this information can be used for flight tests of the controllers. Finally, flight tests are planned to be conducted on a Penguin B UAV. Once this system has been validated and verified through simulation and flight tests, the methods can be extended to morphing wing aircraft. This will require identifying the implications and changes to be made to the current study.
